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1. 密度一様球の慣性モーメントファクターが0.4であることを示せ． 

2. 二層モデルの球 (Figure 1) において， 

,  (鉄/岩石) とした時， 

慣性モーメントファクター  を有効数字3桁で計算せよ．
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Figure 1. 二層モデルの球状天体
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質量素片  は上の図から， 
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マントル，コアそれぞれの慣性モーメント  は， 
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天体質量  は， 
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(1)-(3)より慣性モーメントファクターは， 
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内部構造の物理モデル
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Image credit: 東工大 https://www.titech.ac.jp/news/2019/043304.html

惑星内部の内部構造 
構成物質・圧力・密度・温度 

前回 → 観測的な推定 
今回 → 物理の理論モデルで記述



球対称構造モデル：静水圧平衡の式
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体積素片にかかる力の釣り合いを考える． 

圧力勾配力   ̶ (1) 

重力   ̶ (2) 

(1) + (2) = 0 より， 

静水圧平衡の式   ̶ (3) 

: 圧力， : 密度， : 座標  での重力加速度， 
: 半径  内部の質量． 

例) 海水中の圧力変化 

 気圧/10 m  — (4)
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球殻の質量  は， 
  ̶ (1) 

∴ 質量保存の式   ̶ (2)
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静水圧平衡の式   ̶ (1) 

質量保存の式   ̶ (2) 

状態方程式   ̶ (3) 

エネルギー輸送の式   ̶ (4) 

一般には  について (1)-(4)を解くが， 

固体天体については状態方程式が  と近似でき，(1)-(3) で方程式が閉じる． 

∵ マントル鉱物の体積膨張率  →  の温度変化での体積変化 
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補足：岩石天体の冷却の影響
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Image credit: NASA/JPL/Northwestern University

冷却収縮による水星の断層: Discovery Rupes (~650 km)



固体の状態方程式
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Seager et al. (2007) Astrophys. J.

火星サイズ以下：密度一定 

火星サイズ以上：自重による圧縮

火星地球

8%Y16% of our TFD density. Our CO EOS and mass-radius re-
lationship are therefore approximate.

Figure 3 shows the EOSs for the main materials used in this
study, including the low-, intermediate-, and high-pressure regimes.

4. NUMERICAL RESULTS

We now describe our numerical solutions to equations (1)Y(3)
using our assembled collection of EOSs. We used our model to
investigate the mass-radius relationships for planets from 0.01 to
1000M!. The lower mass limit encompasses planets as small as
Mercury and small bodies like the icy moons of Jupiter and Sat-
urn. The upper mass limit encompasses the 13 MJ planet limit.
Above this mass, self-gravitating H-He spheres undergo deute-
rium or sustained hydrogen fusion (depending on how massive
the body is) and are not considered planets.

4.1. Mass-Radius Relationships

4.1.1. Homogeneous Planets

Building on Zapolsky & Salpeter (1969), we first consider
planets of uniform composition. This artificial scenario helps us
understand the fundamental properties of the planet mass-radius
relationships. Figure 4 shows the mass-radius relationship for
homogeneous planets of H, H/He (25%He bymass), H2O (ice),
MgSiO3 (perovskite), and Fe.

Homogeneous planets all show the same general trend in ra-
dius as a function of mass. For MpP 500 M! the planets’ radii
increase with increasing mass. In this regime, Coulomb forces
balance gravity in hydrostatic equilibrium. For largemasses,Mp 3
500 M!, the compression in the interior is high enough to pressure
ionize the atoms. At these large masses degeneracy pressure of free

electrons balances gravity in hydrostatic equilibrium, and as more
mass is added to the planet, the planet shrinks (Hubbard 1984).
Although planets are not fully degenerate (the term is reserved
for stellar mass white dwarfs; Chandrasekhar 1939), electron de-
generacy pressure does have a significant effect on the mass-
radius relationship for high planetary masses over 500 M!. In
particular, planets of all compositions are approximately the same
size for a decade of masswhere the competing effects of Coulomb
forces (which cause Rp "M1/3

p ) and electron degeneracy pres-
sure (Rp "M#1/3

p ) roughly cancel each other out. See Zapolsky
& Salpeter (1969) for a detailed discussion of the maximum ra-
dius for a given planet of homogeneous composition.

If we assume that our selection of materials spans all plausible
major planet materials, then we can make some inferences from
Figure 4 about the range of planet sizes. First, the Fe planet mass-
radius relationship shows theminimum radius a planet of a given
mass can possess. Second, since water is the least dense of all the
materials we studied (apart from H and He), the water planet
curve in Figure 4 may serve to show the maximum radius for a
planet with no substantial atmosphere.

The mass-radius relationships for planets of homogeneous
compositions (Fig. 4) can be used to infer the bulk composition
of planets. Using the solar system as an example, and from Fig-
ures 4 and 5, we could infer that Earth and Venus are composed
primarily of a mixture of silicates and iron, while Mercury is
composed predominantly of iron. We could also infer that Uranus
and Neptune are not giant H/He planets and nor are they ‘‘rock
giants;’’ they are predominantly rocky or icy and must have small
but significant gas envelopes. Jupiter and Saturn are grossly fitted
by the H/He curve, but the H/He interiors of hot Jupiters are
dominated by thermal effects and are thus not fitted well by cold
homogeneous planets; indeed, we are not aiming to model gas
giant planets in this paper.

Fig. 3.—EOSs for five different materials used in this study. Each EOS data
set was derived by combining a fit to experimental results and the TFD limit at
high pressure. For water ice we used density functional theory as a bridge between
experiment and the TFD theory. The EOSs are all reasonably well approximated
by a polytropic-like expression !(P) ¼ !0 þ cPn, where !0 is the zero-pressure
density and c and n are constants. Table 2 lists these constants for somematerials.
The filled triangles show one such fit for the H2O EOS.

TABLE 2

Density Functional Theory (DFT) EOS for Water Ice VIII and X

V

(cm3 mol#1)

!
( kg m#3)

P

(GPa)

10.998300.................................................... 1.636617 2.320

10.429585.................................................... 1.725860 4.155

9.880818...................................................... 1.821712 6.664

9.351623...................................................... 1.924800 9.823

8.350443...................................................... 2.155574 18.791

7.878082...................................................... 2.284820 25.361

7.423411...................................................... 2.424761 33.744

6.986806...................................................... 2.576285 44.314

6.567891...................................................... 2.740606 56.970

6.165913...................................................... 2.919275 74.188

5.780497...................................................... 3.113919 94.406

5.411641...................................................... 3.326163 126.815

5.164734...................................................... 3.485175 155.924

4.654734...................................................... 3.867031 240.696

4.195170...................................................... 4.290649 351.114

3.780772...................................................... 4.760933 498.660

3.407399...................................................... 5.282621 691.938

3.070912...................................................... 5.861450 937.585

2.767547...................................................... 6.503954 1260.182

2.494293...................................................... 7.216474 1673.049

2.248138...................................................... 8.006625 2188.301

2.026072...................................................... 8.884186 2853.712

1.825836...................................................... 9.858497 3691.387

1.645548...................................................... 10.938603 4737.211

1.483327...................................................... 12.134882 6040.611

1.336538...................................................... 13.467635 7686.171

Note.—DFT predicts a gradual transition between the two phases.

MASS-RADIUS RELATIONSHIPS FOR SOLID EXOPLANETS 1283No. 2, 2007

木星



球対称内部構造モデル：地球組成天体
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The Astrophysical Journal, 726:70 (18pp), 2011 January 10 Tachinami, Senshu, & Ida
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Figure 1. Radial density profiles for 0.1, 0.2, 0.5, 1, 2, 5, and 10 M⊕ planets
(with an inner core of 6 wt% of each core) obtained by our model in the nominal
case.
(A color version of this figure is available in the online journal.)

3. Time evolution. The radius of the inner core and the
temperature at the CMB is determined by the total energy
of the inner and outer cores as described below, and the
total energy is given as a function of time by integrating
heat flux at the CMB.

The adiabatic temperature gradient in the outer core is given
by (Sohl & Spohn 1997; Yukutake 2000; Valencia et al. 2006)

∂T

∂r
= ρgγG

Ks

T , (4)

where γG and Ks are the Grüneisen parameter and bulk modulus
of the liquid core, respectively. Depth variation of γG is
calculated as γG = γG0(ρ0/ρ)q (the parameter values used are
summarized in Table 1). The density at 0 pressure ρ0OC, bulk
modulus K0OC, and its pressure derivation K ′

0OC of the outer
core are given by impurity concentration xS as

xFeS = xS
ZFe + ZS

ZS
(5)

ρ0OC =
(

1 − xFeS

ρFe
+

xFeS

ρFeS

)−1

(6)

K0OC = 1
ρ0OC

1
1−xFeS

ρFe

1
KFe

+ xFeS
ρFeS

1
KFeS

(7)

K ′
0OC = −1+ρ0OCK0OC

(
1 − xFeS

ρFe

1 + K ′
Fe

K2
Fe

+
xFeS

ρFeS

1 + K ′
FeS

K2
FeS

)
,

(8)
where xFe, xFeS, ZFe, and ZS are mass fractions of Fe and FeS
and molar weights of Fe and S, respectively.

The inner core nucleation decelerates cooling of the core by
release of gravitational energy due to the change in the density
distribution and by release of latent heat (Stevenson et al. 1983;
Gubbins et al. 2004). The light elements are kicked into the outer
core, resulting in depression of the melting point of the outer core
(Stevenson et al. 1983; Yukutake 2000). The boundary between
inner and outer cores is located at the intersection between

Table 1
Physical Properties of Mantle and Core Components We Adopted (Valencia

et al. 2007b)

Material ρ0 K0 K ′
0 γ0 q θ0 Ref.

(kg m−3) (GPa)

ol 3347 126.8 4.274 0.99 2.1 809 a
wd+rw 3644 174.5 4.274 1.20 2.0 908 a
pv+fmw 4152 223.6 4.274 1.48 1.4 1070 a
ppv+fmw 4270 233.6 4.524 1.68 2.2 1100 b
Fe 8300 164.8 5.33 1.36 0.91 998 c, d
FeS 5330 126 4.8 1.36 0.91 998 c, d

References. (a) Stixrude & Lithgow-Bertelloni 2005; (b) Tsuchiya et al. 2004;
(c) Williams & Knittle 1997; (d) Uchida et al. 2001.

adiabatic and melting curves in the core. We use Linderman’s
equation for the melting curve of pure iron,

Γ(ρ) = Γ0

(
ρ0

ρ

)2/3

exp
{

2γ0

q

[
1 −

(
ρ0

ρ

)q]}
. (9)

We also consider the depression of the melting point by
concentration of light elements. We define the melting point
of Fe–FeS alloy as

Tmelt = (1 − 2xS)Γ(ρ), (10)

and the factor (1 − 2xS) expresses the depression of the melting
point due to dissolution of light elements (Usselman 1975;
Stevenson et al. 1983). Assuming that the outer core is well
mixed by convection

xS = x0S
Mc

Mc − Mic
, (11)

where Mic and Mc are the inner core mass and total mass of the
inner and outer cores, respectively, and x0S is the initial impurity
concentration. In the nominal case, we adopt x0S = 0.1.

Given the inner core radius, we can calculate the total energy
of the core (Ecore), which is the sum of the gravitational energy
(Eg), latent heat (El), and thermal energy (Eth). As described
above, the temperature at the CMB is given as a function of the
radius of the inner core. As a result, we can obtain Ecore as a
function of the temperature at the CMB. Conversely, the radius
of the inner core and the temperature at the CMB are given as a
function of Ecore.

The energies are given by

Eg = −
∫ ric

0
4πr3ρic(r)gic(r)dr −

∫ rc

ric

4πr3ρoc(r)goc(r)dr,

El = LMic,

Eth =
∫ rc

0
4πr2ρ(r)Cp(r)T (r)dr,

(12)
where L is the latent heat released by solidification of the unit
mass of iron, which is assumed to be constant at 1.2 × 106

J kg−1 (Anderson & Duba 1997) and not to depend on the
impurity concentration in the outer core; and Cp is specific heat
with constant pressure. Both the gravitational energy and the
latent heat are released after the inner core starts to solidify.
Gravitational energy is also released by thermal contraction,
which will be discussed in Section 2.6. The total energy Ecore
decreases at a rate that is equal to the heat flux at the bottom
of the mantle (see Section 2.3). Detailed calculations of the
energies are given in Appendix C.
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Tachinami et al. (2011) Astrophys J.

惑星サイズ大  

→ 圧力・密度大 

→ 下部マントル領域の拡大



プレート・テクトニクス
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プレート：地球を覆う(厚さ数10~200 km)程度の岩盤 (≠ 地殻) 
海嶺で生成され、海溝で沈み込む → 部分溶融と大陸地殻生成

北アメリカプレート

太平洋プレート

ユーラシアプレート

オーストラリアプレート

フィリピン海プレート

アフリカプレート

南極プレート

アラビアプレート

カリブプレート

ナスカプレート

南アメリカプレート
ココスプレート

スコティアプレート

ファン・デ・フーカプレート

インドプレート

中久喜先生のウェブページより 
https://home.hiroshima-u.ac.jp/nakakuki/plate_mantle/Fig_1_v7.pdf



The underlying importance of Earth’s bimodal hypsography was
noted early last century. In 1929, Wegener (1966, p. 37) presciently
observed: ‘‘In the whole of geophysics there is hardly another law
of such clarity and reliability as this – that there are two preferen-
tial levels for the world’s surface which occur in alternation side by
side, and are represented by the continents and ocean floors,
respectively. It is therefore very surprising that scarcely anyone
has tried to explain this law, which has, after all, been well known
for some time. . . In this way we have achieved for the first time a
plausible explanation. . .’’ He explained the bimodal elevation dis-
tribution with the fundamental difference in continental and oce-
anic crust, this supporting his theory of Continental Drift. As
Wegener realized, topographic data hold clues for understanding
the history of a planet’s surface. Earth’s hypsometric curve has
more recently been explained by plate tectonics, and shows some
second-order effects, such as the peaks in the seafloor portion,
which may reflect periods of fast spreading.

Unlike Earth, Venus does not appear to have plate tectonics.
Comparison of the hypsographs for the two planets (Fig. 1) reflects
major differences in the processes shaping their surfaces – Earth’s
bimodal distribution results from the two major rock types, granite
and basalt, whereas Venus seems dominated by only one type of
rock, presumably basalt. Of the terrestrial bodies, Venus displays
the simplest hypsography, with 80% of its surface within 1 km ele-
vation of the mean (Ford and Pettengill, 1992). The near-Gaussian
distribution bears an overall similarity to the distribution of the
continental portion of Earth’s curve and the higher elevation por-
tion of Mars’ curve, and to a lesser degree, to the curves of the

Moon and Earth’s oceans. This suggests that Venus’s hypsography
may represent the typical distribution of a one rock-type surface.

Mars may have seen two ancient sea-level stands (Parker et al.,
1993). Both have signatures in the hypsograph (Fig. 1) with the
lower stand much more pronounced, and indeed only the deeper
sea-level stand is supported by MOLA evidence (Head et al.,
1999). Although Mars’ bimodal distribution is similar to that
caused by Earth’s plate tectonic processes, it has been attributed
to offset of center of mass from center of figure (Smith and Zuber,
1996).

The Moon’s hypsographic curve features a shoulder at about
!3 km, perhaps due to volcanic infill of major basins. Another sa-
tellite, Saturn’s Titan, unique in so many ways, displays a hypso-
metric curve with a negative tail (Lorenz et al., 2011). This could
be the result of collapse on Titan’s surface. Cassini’s radar can im-
age Titan’s surface beneath the thick clouds and has revealed
numerous dark circular features in the equatorial region. These
may be related to methane–cryovolcanism, and have been inter-
preted as collapse features, or pits. For a portion of Cassini’s equa-
torial swath, Adams and Jurdy (2011) identified 195 pits with
diameters between 1 and 6 km (3–17 pixels), and from the Poisson
distribution they inferred the probable number of additional pits in
the region below the resolution of 3 pixels. They conclude that in
total, pits could account for 0.5% of the area, thus contributing
noticeably to Titan’s hypsography.

The remaining unexplored terrestrial body, Mercury, is sched-
uled to be fully mapped by MESSENGER, following its March,
2011 orbit insertion. Until then, we can only guess about the char-

Fig. 1. Hypsographs for Venus, Earth, Moon, and Mars. A best-fit Gaussian curve (red) is shown for Venus. Blue regions represent below sea-level portions of the terrestrial
curve, and portions below two sea levels proposed for Mars. The bimodal distribution for Earth is attributable to differing densities of basalt (seafloor) and granite
(continents). Venus’ distribution is distinctly unimodal, implying only one dominant surface rock type. (For interpretation of the references to color in this figure legend, the
reader is referred to the web version of this article.)
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Moon and Earth’s oceans. This suggests that Venus’s hypsography
may represent the typical distribution of a one rock-type surface.
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lower stand much more pronounced, and indeed only the deeper
sea-level stand is supported by MOLA evidence (Head et al.,
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caused by Earth’s plate tectonic processes, it has been attributed
to offset of center of mass from center of figure (Smith and Zuber,
1996).

The Moon’s hypsographic curve features a shoulder at about
!3 km, perhaps due to volcanic infill of major basins. Another sa-
tellite, Saturn’s Titan, unique in so many ways, displays a hypso-
metric curve with a negative tail (Lorenz et al., 2011). This could
be the result of collapse on Titan’s surface. Cassini’s radar can im-
age Titan’s surface beneath the thick clouds and has revealed
numerous dark circular features in the equatorial region. These
may be related to methane–cryovolcanism, and have been inter-
preted as collapse features, or pits. For a portion of Cassini’s equa-
torial swath, Adams and Jurdy (2011) identified 195 pits with
diameters between 1 and 6 km (3–17 pixels), and from the Poisson
distribution they inferred the probable number of additional pits in
the region below the resolution of 3 pixels. They conclude that in
total, pits could account for 0.5% of the area, thus contributing
noticeably to Titan’s hypsography.

The remaining unexplored terrestrial body, Mercury, is sched-
uled to be fully mapped by MESSENGER, following its March,
2011 orbit insertion. Until then, we can only guess about the char-

Fig. 1. Hypsographs for Venus, Earth, Moon, and Mars. A best-fit Gaussian curve (red) is shown for Venus. Blue regions represent below sea-level portions of the terrestrial
curve, and portions below two sea levels proposed for Mars. The bimodal distribution for Earth is attributable to differing densities of basalt (seafloor) and granite
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地球：プレートの沈み込みによって軽い大陸地殻が生成 → 標高の二分性 
金星，月：二分性なし 
火星：二分性がある．巨大衝突やマントルの対流モード(地球より長波長)？



(e.g. Komiya et al., 1999). However, definition of ophiolite depends
on the rock assemblages (Maruyama et al., 1989), and therefore
when, where, and how plate tectonics began to operate remains
unsolved. To tackle these questions, we start from clarifying what
plate tectonics is from its most essential characters such as rigidity,
plate boundary processes, role of water as a driving force, mantle
potential temperature, and evaluate the multi-disciplinary aspects
of the theory. Finally, we propose a trigger to initiate plate tectonics
on Hadean Earth.

2. What is plate tectonics?

2.1. Definition of plate tectonics and three-dimensional structure of
lithosphere

Plate tectonics is basically defined as follows; The Earth’s surface
is covered by more than a dozen rigid lithospheres called plate. The
movement of these plates is rotational motion on the spherical
body of the Earth. Hence both the rotational pole and angular

Figure 1. A summary of planetary tectonics (modified after Kumazawa and Maruyama, 1994). The mechanism of plate tectonics is dominant in upper mantle of present day Earth. In
contrast, Mars and Venus are dominated by stagnant-lid convection at present in which the mantle convection is caused by upwelling and downwelling of plumes only beneath a
rigid and immobile lid or plate.
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Maruyama et al. (2016)  
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地球：プレート・テクトニクス 
(複数のプレートが流動)

太陽系の他の岩石天体：スタグナントリッド 
(1枚だけの流動しないプレート)

テクトニクスの違い→惑星表層環境に影響 (熱史, 物質循環, 大陸) 
プレート・テクトニクスの発生条件は？
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distribution among NEOs on various orbits. Here, we follow
the proportion of dark objects of low density and bright objects
with higher density proposed by Stuart and Binzel (2004).
Within a factor of 2, both astronomical (snapshot) and

geologic (average for 100–400 Ma) estimates of the terrestrial
cratering rate are similar, and the correlation confirms the
relative constancy of the bombardment flux to Earth in recent
time (<0.5 Ga).
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Werner & Ivanov (2015) in Treatise on Geophysics 2nd Edition

クレーター数密度 → 地殻の年齢 (※ 絶対年代測定がされているのは地球・月のみ) 
プレート・テクトニクスのある地球の地殻は明らかに若い



巨大ガス惑星の内部構造

H/He主成分のガス層(エンベロープ) 

岩石/氷のコア 

大気He存在度 < 円盤ガス (Y=0.28)  
→ Heの沈殿 (高圧下でHと不混和) 

強い双極子磁場  
→ 自由電子を持つ金属水素の存在
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6.2. 各惑星の内部構造 73

表 6-2によると、金星は地球と同様に約 30 %程度の質量のコアを持っていると推定されて
いるが、水星のコアは質量の約 70 %にも及ぶ。また、火星のコアはやや小さい。このような
違いが惑星形成過程においてどのように生じたかは未知である。
水星にはダイナモ磁場があることから、コアの少なくとも外部は液体であると考えられる。
また、現在の火星はダイナモ磁場はないが、火星の潮汐変形の観測から、コアに液体部分が
あることが示されている。地球とサイズの近い金星がダイナモ磁場を持っていない理由はよ
くわかっていない。ダイナモ磁場の有無や液体外核の有無は惑星のたどってきた熱史 (内部の
温度変化の歴史)の違いを反映しているが、太陽系の岩石惑星のこれらの観測事実は、小さい
天体ほど早く冷却しているという単純な熱史ではないことを示している。

6.2.3 巨大ガス惑星の内部構造

Jupiter

Molecular H2 (Y~0.23)

Metallic H+

(Y~0.27)

Helium rain

165-170 K
1 bar

6300-6800 K
2 Mbar

15000-21000 K
40 Mbar

Saturn

Molecular H2

(Y~0.20?)

Metallic
H+

(Y~
0.30?)

Helium rain

135-145 K
1 bar

5850-6100 K
2 Mbar

8500-10000 K
10 Mbar

Ices + Rocks
core ?

図 6-4. 木星・土星の内部構造の推定。Elsevier『Treatise on Geophysics, Second Edition』よ
り転載。

巨大惑星においても、質量・半径に加えて慣性能率やより高次の重力場測定によって、内
部構造の推定が行われている。図 6-4は木星・土星の内部構造の模式図である。惑星形成論
に基づく理論的予想と、重力場の観測から、水素・ヘリウムを主成分とする木星・土星の中
心部には岩石や氷のコアが存在すると考えられている。また、大気中のヘリウム含有量が原
始惑星系円盤のヘリウム含有量よりやや小さいことから、内部でヘリウムの沈殿が起こって
いると予想されている。

Y: ヘリウムの質量存在度

木星 土星

金属水素

金属水素

分子水素

分子水素

氷+岩石？
Guillot & Gautier (2014) in Treatise in Geophysics



水素の相平衡図とガス天体の内部
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図 6-5. 水素の相図。Elsevier『Treatise on Geophysics, Second Edition』より転載。

巨大ガス惑星の内部構造の特徴として、金属水素相の存在が挙げられる (図 6-5)。巨大惑星
内部の高密度領域では、電子のエネルギーがイオン化エネルギーを上回り、水素原子は電離
した状態にある。電子は金属中の自由電子のように振る舞う。この金属水素相は木星・土星
の強力なダイナモ磁場の起源となっている。

6.2.4 巨大氷惑星の内部構造

Uranus

~75 K
1 bar

~2000 K
0.1 Mbar

6000~6500 K
~8 Mbar

Neptune

~70 K
1 bar

~2000 K
0.1 Mbar

 5000~5500 K 
 10~16 Mbar 

Molecular H2
Helium + Ices

Ices
Mixed with hydrogen?

Mixed with rocks?

Rocks?

図 6-6. 天王星・海王星の内部構造の推定。Elsevier『Treatise on Geophysics, Second Edition』
より転載。

TF(フェルミ温度)： 
電子が縮退する温度

の高密度(  相当)下では 
電子エネルギー  イオン化エネルギー 
→ 水素が電離 (圧力電離と呼ばれる) 

巨大ガス惑星の内部温度  (フェルミ温度) 
→ 電子が縮退 (金属水素) 

天体の熱進化(冷却)によって内部構造も変化 
誕生直後の土星にはまだ金属水素層がない 
理論上，1兆年後には木星深部で水素が固体化

≳ 0.8 g/cc ∼ Mbar

>
(褐
色矮
星)

(褐
色矮
星)

(ホット
・ジュ

ピター
)

Note: 105 Pa = 1 bar



内部構造の密度分布と重力場
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重力モーメント (J2, J4... : 重力ポテンシャルの非球対称成分)

※ 高次(高いn) --- 外側の密度分布の情報を反映

・コアサイズの制限
・エンベロープ中の

重元素量の制限

半径 (惑星半径)

木星

J 2
n 
に
対
す
る
寄
与
度

(Guillot & Gautier,2007)
コ
ア 金属水素層

H2層
重力場の情報
(= J2nの観測精度)

堀安範さんスライド @第13回 森羅万象学校 より

重力場ポテンシャル 

  ̶ (1) 

最近，木星探査機 Juno によって 
高次の係数  の精密測定が行われた

V =
GM

r [1 −
∞

∑
n=1

(a
r )

2n

J2nP2n cos θ]

J2 − J8

木星重力場における各層の寄与



新しい内部構造モデル
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大きいコアサイズ 
コアとエンベロープの境界は不明瞭かもしれない

Junoの重力場測定を反映した内部構造モデル

Wahl et al. (2017) GRL; Helled (2019) Oxford Research Encyclopedia of Planetary Science

Page 10 of 28

Printed from Oxford Research Encyclopedias, Planetary Science. Under the terms of the licence agreement, an individual user may 
print out a single article for personal use (for details see Privacy Policy and Legal Notice).
Subscriber: Tokyo Institute of Technology; date: 06 June 2021

setups: (a) the number of layers, (b) the composition and distribution of heavy elements, (c) 

the heat transport mechanism, (d) the transition pressure of hydrogen metallization, and (e) 

the rotation period and the dynamical contribution of winds (e.g., differential rotation).

Typically, the interiors of Jupiter and Saturn are modeled assuming the existence of a distinct 

heavy-element core which is surrounded by an inner envelope of metallic hydrogen and an 

outer envelope of molecular hydrogen. Due to the indication of helium rain in the planets, the 

inner and outer envelopes are set to be helium-rich and helium-poor, respectively. For the 

heavy elements distribution there are two common assumptions. In the first, they are assumed 

to be homogeneously mixed within the two envelopes. Then, if Z  and Z  represent the 

heavy element mass fraction in the inner and outer envelopes, respectively, for this case Z  = 

Z . In the second case, the heavy element enrichment is assumed to be higher at the 

metallic region (inner envelope) (i.e., Z  > Z ).

Figure 3. Sketches of the internal structures of Jupiter and Saturn as inferred from structure 

models. For each planet, two possible structures are shown: one consisting of distinct layers 

and one with a gradual distribution of heavy elements. Schematic representation of the 

interiors of Jupiter and Saturn. The core masses of Jupiter and Saturn are not well 

constrained; for Saturn, the inhomogeneous region could extend down all the way to the 

FHQWHU��UHVXOWLQJ�LQ�Dފ�KHOLXP�FRUHދ�

In both of these cases, the heavy elements are taken to be homogeneously distributed, 

suggesting a homogenous composition, at least within one part of the envelope. The location 

ZKHUH�WKH�HQYHORSH�LV�GLYLGHG�LQWR�D�KHOLXP�SRRUށKHOLXP�ULFK�UHJLRQ�FRUUHVSRQGV�WR�WKH�
pressure in which helium becomes immiscible in hydrogen. For simplicity, for the models with 

Z  ࣷ Z  the location of the heavy element discontinuity is assumed to occur at the same 

location.

in out
in

out
in out

in out

従来のモデル 
コンパクトなコア

新しいモデル 
不明瞭なコア



巨大氷惑星の内部構造
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巨大ガス惑星の内部構造の特徴として、金属水素相の存在が挙げられる (図 6-5)。巨大惑星
内部の高密度領域では、電子のエネルギーがイオン化エネルギーを上回り、水素原子は電離
した状態にある。電子は金属中の自由電子のように振る舞う。この金属水素相は木星・土星
の強力なダイナモ磁場の起源となっている。

6.2.4 巨大氷惑星の内部構造
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図 6-6. 天王星・海王星の内部構造の推定。Elsevier『Treatise on Geophysics, Second Edition』
より転載。

岩石？

高圧氷 
水素/岩石と混合？

分子水素 
+ヘリウム

天王星 海王星

木星・土星と比較して観測的制約が少ない 
高圧氷：スーパーアイオニック相(酸素原子の格子+自由な水素イオン) → ダイナモ磁場？



系外巨大ガス惑星の多様性
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ガス惑星のサイズにばらつき 
↔ 褐色矮星・恒星は観測と 
　 H/He100%モデルがよく一致 

重元素(H, Heより重い元素)量 
形成過程を反映 

未解明の膨張メカニズム

T. Guillot & D. Gautier / Treatise on Geophysics, 2nd Edition 00 (2015) 1–42 22
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Figure 8. Theoretical and observed mass-radius relations. The black line is applicable to the evolution of solar composition planets, brown dwarfs
and stars, when isolated or nearly isolated (as Jupiter, Saturn, Uranus and Neptune, defined by diamonds and their respective symbols), after 5 Ga
of evolution. The dotted line shows the effect of a 15 M⊕ core on the mass-radius relation. Orange and yellow curves represent the mass-radius
relations for heavily irradiated planets with equilibrium temperatures of 1000 and 2000 K, respectively, and assuming that 0.5% of the incoming
stellar luminosity is dissipated at the center (see section 4.3). For each irradiation level, two cases are considered: a solar-composition planet with
no core (top curve), and one with a 100 M⊕ central core (bottom curve). Circles with error bars correspond to known planets, brown dwarfs and
low-mass stars, color-coded as a function of their equilibrium temperature(below 750, 1500, 2250 K and above 2250 K, respectively, from darkest
to lightest).
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Figure 3. Side view cross section of induced current due to zonal wind flow.
The interior vector field, plotted with small arrows, is a quantitative result of
the model. The large semi-transparent arrows are illustrations. The yellow shell
in the inset represents the region to which we confine the zonal flow (10–0.03
bars). The orange region denotes the region of interior heating.
(A color version of this figure is available in the online journal.)

it penetrates the interior of the planet and completes the loop
(Figure 3).

The general induction equation can be written as

∂ !B
∂t

= −!∇ × λ( !∇ × !B) + !∇ × (!v × !B), (4)

where !B is the magnetic field and λ ≡ 1/µ0σ is the magnetic
diffusivity (Moffatt 1978). We express the magnetic field as
a dipole background component and an induced component:
!B = !Bdip + !Bind with ∇ × !Bdip = 0. This assumes no dynamo
generation in the region. The induced magnetic field will tend
to point in the same direction as the velocity field, so we can
make the approximation !v × !B ≈ !v × !Bdip. We assume that the
prescribed velocity field and the background magnetic field are
not strongly modified by the induced field, i.e., Rm ≡ vL/λ ! 1,
an assumption satisfied in our models with T " 1700 K. Finally,
we seek a steady-state solution, so we require ∂ !B/∂t = 0. With
these assumptions, the induction equation simplifies to

!∇ × λ( !∇ × !Bind) = !∇ × (!v × !Bdip). (5)

We can “uncurl” this equation and use Ampere’s law !∇ × !B =
µ0 !J to recover Ohm’s law:

!Jind = σ (!v × !Bdip − !∇Φ). (6)

By continuity, ∇ · !J must vanish. As a result,

!∇ · σ !∇Φ = !∇ · σ (!v × !Bdip). (7)

If the conductivity takes on an exponential form, there exists
an analytical solution for Φ and in our models, we confine
the atmospheric flow to the region where conductivity is
exponential. In the interior region, the electric potential is also
governed by the above equation, with the right-hand side set to

zero. However, since the interior conductivity does not take on a
simple analytical form, the above equation there must be solved
numerically.

We take a nominal value for the “strength” of the field at the
surface of the planets to be ‖B‖R = 10−3 T, approximately the
value expected from scaling the field via the Elsasser number
Λ ≡ σB2/2ρΩ ∼ 1, where Ω is the planetary rotation rate
(assumed tidally locked). The magnetic field scaling argument
based on energy flux also suggests a similar value (Christensen
et al. 2009). For comparison, Jupiter’s surface field is ‖B‖Rjup =
4.2×10−4 T (Stevenson 2003). We approximate the zonal wind
as v ∝ vm sin(θ )φ̂ where vm is the maximum speed attained by
the wind and set vm = 1 km s−1 (see the Appendix for more
details).

Once we have the solution for the current, we can compute
the total Ohmic dissipation rate below some radius r:

P =
∫ ∫ ∫ !J 2

σ (r)
dV . (8)

In order to satisfy continuity, the magnitude of the current
density must be constant along its path in the interior. As a
result, it is apparent from the above equation that most of the
dissipation takes place in the upper layers of the planet, where
conductivity is not too great, and the solution is insensitive to the
details of the conductivity profile in the deep interior, as long as it
remains high. The Ohmic heat that is generated in the convective
envelope of the planet replaces gravitational contraction and is
lost by radiative cooling at the radiative/convective boundary.
Consequently, to ensure a null secular cooling rate, we need the
Ohmic dissipation rate to at least compensate for the radiative
heat flux at the radiative/convective boundary (Clayton 1968).

4. MODEL RESULTS

It has been shown that extrasolar gas giants require between
10−6 and 10−2 of the irradiation they receive to be deposited
into the adiabatic interior to maintain their radii (Bodenheimer
et al. 2001; Burrows et al. 2007a; Ibgui et al. 2010), although
the exact number depends on the metallicity of the atmosphere
and the mass of the heavy element core in the interior of
the planet.1 Under the assumption of solar metallicity and
no core, HD209458b requires 3.9 × 1018 W, Tres-4b requires
8.06 × 1020 W, and HD189733b requires no heating at all
(Burrows et al. 2007a; Ibgui et al. 2010). Within the context of
our model, HD209458b and HD189733b are easily explained.
To adequately explain Tres-4b however, we require an enhanced
(10×solar) metallicity in the atmosphere to reduce the required
heating down to 5.37 × 1019 W.

Table 1 presents a series of models with various temperatures,
helium contents, and metallicities of the planets under consider-
ation. Upon inspection, it is apparent that the global heating rate
scales exponentially with temperature, and as a square root of
the metallicity. Both of these scalings can be easily understood
by noting that scaling the conductivity profile by a multiplica-
tive factor causes a corresponding change in dissipation while
Equations (1) and (2) relate temperature and metallicity (i.e., f)
to the conductivity.

It is also noteworthy that the models with a simulated core
produce approximately the same amount of heating as the

1 If the dissipation is concentrated higher up in the atmosphere, 10–100×
more heating is required (Guillot & Showman 2002).

508 Guillot & Showman

profile (Seager & Sasselov 1998, 2000; Goukenleuque et al. 2000; Barman et
al. 2001). This layer is underlain by another radiative (statically stable) region,
extending to 100!1000 bars, that transports the intrinsic heat flux (Guillot et
al. 1996). At even greater pressures, the opacities are large, and the intrinsic
flux must be transported by convection.

Figure 2. Conjectured dynamical structure of Pegasi planets: At
pressures larger than 100!800 bar, the intrinsic heat flux must be trans-
ported by convection. The convective core is at or near synchronous
rotation with the star and has small latitudinal and longitudinal tem-
perature variations. At lower pressures a radiative envelope is present.
The top part of the atmosphere is penetrated by the stellar light on the
day side. The spatial variation in insolation should drive winds that
transport heat from the day side to the night side (see text).

The rotational regime of the interior is constrained by considering the time
scale to tidally despin the planet (Goldreich & Soter 1966):

τsyn ≈ Q

(

R3

GM

)

(ω − ωs)
(

M

M!

)2 (

a

R

)6

, (4)

where Q, R, M , a, ω and ωs are the planet"s tidal dissipation factor, radius,
mass, orbital semi-major axis, rotational angular velocity, and synchronous (or

Guillot & Showman (2002) Batygin & Stevenson (2010)

恒星放射熱の内部への輸送 オーム散逸

点　：観測 
実線：理論



巨大ガス惑星の重元素量
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エンベロープにも大量の重元素が存在し，総重元素量  → 形成過程を反映≳ 10 M⊕

系外巨大ガス惑星の質量と重元素量の関係

Thorngren et al. (2016) Astrophys. J.
same result. However, the relation becomes somewhat murky
for our full set of planets (see Figure 8). Applying
Kendall’sTau to the most likely values of metal mass and
[Fe/H], we measure a correlation of 0.08845 and a p-value of
0.3805, which indicates no correlation. Some of the reason for
this may lie with the high observational uncertainty in our
values for stellar metallicity, but it is still difficult to believe
that there is a direct power-law relationship.

Figure 6. Comparison of inferred heavy-element masses for four sample planets using the ScVH and Militzer & Hubbard (2013) EOS’ with a Gaussian KDE,
assuming a core-only metal distribution. Most planets are only modestly impacted, but our handful of very young planets like WASP-139 b and Kepler-30 d (<1 Gyr
and <3.8 Gyr) are affected more strongly.

Table 2
Inferred Total Heavy-element Mass for Jupiter and Saturn, from Guillot (1999)

and This Work

Source Jupiter Saturn

Guillot (1999) 10–40 20–30

This Work 37 27

±10% M,R ±20 ±5.5

±2 Gigayears ±1.1 ±.8

Note. For reference, we also show the uncertainties thatwould result if we had
10% uncertainties in mass and radius, and separately for a 2 Gyr uncertainty in
age. Note that the central values lie within the estimate from Guillot.

Figure 7. Heavy element masses of planets and their masses. The lines of
constant Zplanet are shown at values of 1 (black), 0.5, 0.1, and .01 (Gray).
Distributions for points near Zplanet=1 tend to be strongly correlated (have
well-defined Zplanet values) but may have high-mass uncertainties. No models
have a Zplanet larger than one. The distribution of fits (see Section 4 for
discussion) is shown by a red median line with 1, 2, and 3σ contours. Note
Kepler-75b at 10.1 MJ, which only has an upper limit.

8
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小質量系外惑星の正体は？
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0.3AU 1AU 5AU 10AU 20AU 30AU

地球型惑星 ガス惑星 氷惑星

~0.1AU

観測量：平均密度のみ知りたいパラメータ：H/He，水，岩石，金属比 
→ 内部構造・組成がわからない！ 

スーパーアース，ミニネプチューンなどの通称は必ずしも組成を反映していない 
統計的性質・理論からの理解，(将来的な)大気観測に期待

岩石/金属？

水氷/岩石(/金属)？

水素ヘリウム/(/水氷)/岩石(/金属)？



系外惑星の質量と半径の分布 (精度の良いものだけプロット)

24

: 氷や H/Heガスをまとうr > 1.6 R⊕

: 岩石惑星？r < 1.6 R⊕

岩石/金属

水氷/岩石(/金属)

水素ヘリウム/(/水氷)/岩石(/金属)

Zeng et al. (2019) PNAS

点　：観測 
実線：理論



なぜ惑星サイズは  で頭打ちになるのか？∼ 1RJ
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静水圧平衡の式   ̶ (1) 

質量保存の式  ̶ (2)  

状態方程式 + 温度構造の式 → ポリトロープ関係式  ̶ (3) で近似 
例) 等温・理想気体なら . 

 (1)から  ̶ (4)．(2)から，  ̶ (5) 

 最終的に (3)-(5) を組み合わせて，  ̶ (6)

dp
dr

= − ρ
GMr

r2

dMr

dr
= 4πr2ρ

p = Kρ1+ 1
n

n = ∞

p
R

∼ ρ
GM
R2

M
R

∼ R2ρ

R ∝ K
n

3 − n M
n − 1
n − 3
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tion P(R) = 0. For the equation of state we used a semi-empirical fitting formula with 
twenty-six parameters from Paper I, which gives density p as a function of pressure P 
for all Z between 1 and 92. All computations, using a fourth-order Runge-Kutta scheme, 
weie carried out on an electronic computer. Our results for the mass-radius relation are 
given in Figure 1 for spheres of pure H, 4He, 12C, 24Mg, and 56Fe, and also for a H-He 
mixture, with X = 1 — F, the abundance by weight of hydrogen. The maximum radius 
Rmax and the corresponding mass ilfCr are given in Table 1 for each composition. 

The equation of state we used gives zero-pressure densities which are in error by fac- 
tors up to 2 in the worst cases, since band-structure effects for the crystal lattice are 
omitted. These effects become small at pressures of a few times 1012 dynes cm-2 (for a 

Fig. 1.—Mass-radius plot for homogeneous spheres of various chemical compositions. The points/, 
St U, N are the observed values for the Jovian planets. 

TABLE 1 

Values of the Maximum Radius Rcr and the 
Corresponding Mass Mct as a Function of 

Chemical Composition 

Element Mcr/0.001 Mq Ror/0.01 Rq 

H  
A>0.75 F—0.25.. 
He  
C  
Mg  
Fe  

3.16 
2.63 
1.12 
2.24 
3.89 
5.89 

11.71 
10.05 
5.13 
3.94 
3.28 
2.44 

© American Astronomical Society • Provided by the NASA Astrophysics Data System 

なぜ惑星サイズは  で頭打ちになるのか？∼ 1RJ
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 ̶ (6) 

i)  では，圧縮性が効かず ．  

ii)  ( )では， 
縮退フェルミ気体となり ．  

iii)  において ．  (see e.g., Guillot & Gautier 2014) 

∴ 木星質量付近で惑星半径は最大値をとる． 
物理的には，クーロン力と縮退圧の寄与が釣り合っている． 
 (Seager et al. 2007)

R ∝ K
n

3 − n M
n − 1
n − 3

M → 0 n → 0 R ∝ M
1
3

M → ∞ ≳ 10MJ

n → 3/2 R ∝ M− 1
3

M ≃ 1MJ n ≃ 1 R ∝ M0 = const .

Zapolsky & Salpeter (1969) Astrophys. J.

R ∝ M
1
3 R ∝ M− 1

3

R = const .
 天体の 
 関係

T = 0
M − R



まとめ
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内部構造の物理モデル：静水圧平衡，質量保存，状態方程式 (+ 温度構造) の式 
テクトニクス形態：地球のみプレートテクトロニクス → 大陸地殻の形成 

巨大ガス惑星の内部構造：  を超える高圧 → 金属水素 

巨大氷惑星の内部構造：導電性の氷？ 

小質量系外惑星の統計的性質：  は岩石惑星？

1 Mbar

< 1.6 R⊕
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pressure is of the order of

Q
_ ( )P

g
G4

6
2

where g2 is an average of g2. The mean density of the planet is
defined as Sp . The surface gravity gs and characteristic interior
pressure Ptypical are

w ( )g
GM

R
7s

p

p
2

Q Q
w � ( )P

g

G

GM

R4 4
. 8s p

p
typical

2 2

4

Later on, Ptypical is shown to approximate PCMB (the pressure
at the CMB). If gs is given in S.I. units (m s−2) and Ptypical in
GPa, then

_ ( )P g . 9stypical
2

For example, g⊕ (Earth’s gravity)x10 m s−2, x�g 1002 GPa
is near ��P 136,CMB GPa.

3. Density Profile

Based on the assumption of the gravity profile, the density
profile is

S
Q

S� �

� r

( )

( ) ( )

r
g

GR
m r r

3
4

1
CRF

constant, and 10a

s
pcore

core

core
3

S
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� r r( ) ( ) ( )r
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Gr r
m r r

2
1

, and . 10bs
mantle mantle

2

Figure 2 compares it to the PREM density profile(Dziewonski
& Anderson 1981). Notice that g is always continuous in r, but ρ
may have discontinuities. The 1/r dependence approximates the
compression of mantle material with increasing depth, and the
relatively small core (CMF0.35) allows the core density to be
approximated as constant. Anywhere in the mantle,

�
⎛
⎝⎜

⎞
⎠⎟ ( )m

M
r
R

. 11
p p

2

In particular, at the CMB,

� � �
⎛
⎝⎜

⎞
⎠⎟ ( )M

M
R
R

CMF CRF . 12
p p

core core
2

2

In reality, this exact relation becomes approximate:

x x ( )CMF CRF or CRF CMF . 132

For example, applying Equation (13) to Earth and
Kepler-93b(Ballard et al. 2014; Dressing et al. 2015) gives

1. For Earth, CMF�=0.325 and CRF ��
3480 km
6371 km

=0.546.

So CRF � �� 0.546 0.2982 2 , which is ∼9% smaller
than 0.325.

2. For Kepler-93b, numerical calculations in Zeng et al.
(2016) give CMFK93b=0.278 and CRF � 0.493K93b . So
CRFK93b

2 =0.243, which is ∼12% smaller than 0.278.

In reality, CRF2 tends to underestimate the CMF by ∼10%.
Nevertheless, it is a quick method to estimate the CMF from
the CRF and vice versa.
Earth-like rocky planets have CMF ∼0.3 and CRF ∼0.5.

Equation (13) can even be generalized to a rocky planet with a
volatile envelope when it is applied only to the solid portion of
that planet.

4. Pressure Profile

4.1. Pressure in the Mantle

Integrating Equation (5) with constant mantle gravity gives

Q
�

� �
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Figure 1. Profiles of the gravity (black) and density (red) of the approximation.

Figure 2. Black: PREM density profile. Red: approximation.
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中心からの距離 [地球半径  = 1]6.4 × 106 m

密
度

 [
]

10
3

kg
/m

3

地球マントルの密度分布を(1)のように近似する． 

  ̶ (1),  

,  (地球半径) 

また，コアの半径  とする．このとき， 

静水圧平衡の式   ̶ (2) 

質量保存の式  ̶ (3)  

と (1) を解くことで， 
コアマントル境界の圧力  を表す表式を求めよ． 
また，その式に各物理量の数値を代入し， 

 を見積もれ．(有効数字1桁)

ρ(r) ≃ ρ0 ⋅
R
r

ρ0 = 3 × 103 kg/m3 R = 6.4 × 106 m

Rc ≃ R/2

dp
dr

= − ρ
GMr

r2

dMr

dr
= 4πr2ρ

pCMB

pCMB
Zeng & Jacobsen (2017) Astrophys. J.


