Jogbooboguogbotdbtoboobobod
0o

g gd

2017040210

gogobobobbodooogobobobbodoooooboboboogd
ggobbbboduoooobbbbbooooobbobbouooooobbo
gogobobbobboouoogobboobbbooooooobobbooooog
ggbbobuoooobbbuoooobbbagn

1 Oo0doodgoogdd

guobbboooubobuoooobobboooobbooobobbooo
Oboo0oooooboboboob ROOUO p,0Ob00ObOp,000n, 00000
0000000000000000000000p; >p, 00000000000
0000000000000%0000000000000000000000O
ooooooo000x = (v,y,2)0u = (u,v,w)Ju = —ge,0e, 0 0000
gooobtd
p%—?ﬂ(u-v)w:—%ﬂwvzw—mg (1)
O000Ap=p—p, 000000000000 p0D0ODO0Opy=—poz+ const.O
gobobbodooouoobboboooobobbbuooooobobbbouooo
DDDDDDDDDDDDDDDDDDDDD%WRSA,OQDDDDDDDDDDD
ggbobobbbuooodououobobbooooobbbbouoooobobbboooo
gobodbboobmobooboobogobbmbuoobooobb™boo
gogbobbbodooouoobbboooouobbbooooobbbbuoooo
gogoobbobobbboddoooooooobboboobobbooooobooogoa
gobobboooouoobbbooooobubbbuoooouobobbouooa

00000000000 0000p; <p,00000000000000OO00OD0
J00000000000D0000D00000000000000D000000000000
gbgoboobooboaoboanod



ggobbbbuooooobobbbboooooobbobboooooobbo
gogbbobuogobboboooobbbuooobboboooobod
gogobbobobbouooooobbbbouooooobbobbouoooad
0000()0000000o00000ooO000ooOoo0ooooooooo
b rOOD0OO0O00OOODOOODODOOOODOODOODOODOOODLODODO
goboodp, 000000000 0O0O0O0OODOOO0O0OLOODOO0O0ObLODO

_poUz/D_pOUR 2)
- gU/R*

O0O0O0ORexk 100000 ODOOOOOOODORe>»1O0000O0O0OOOO
go0o0oogopooogpooogooogooboogooono

Re

gbobogdbod obobobodobbdoobboobooobboobbooo

%gﬁvApg (3)
oooooo
R*Apg
T
0000000000000000000000000003%0

2 R*Apg
U== 5

gbobooboboobobsboobobuoobmoboboobobon
0000000000000 )M00000000000000000000
ggobbbbbbuooooobobbbbbouoooooobbbbbbadao
goggoobbobobbbbtboduooogooobbooobobbboooago
gogbbbuooboooobbbooobuoodobbboooobbo
gboobdgbobobboobooobuooboobuoobobboobvuouoobg
gogoobbbbbbboduooooobbbbbbooudg 1bbbobbboodo
gooooooOooooooo F,0000 F,=fU0)000000000000
0000°000000000000000000

U (4)

4
F, = gﬂRgApg (6)

‘0000000000000000D0000000000000000000O0000

i000000000000000000000000000O00D00000O0O0O0O00O000
gbobobobobobooooboobouobooooooboboboooaooboooo
gobooobobooobOooobooobooooooooooobooooooboooooooonooo
goboooboboooboobobooobOooboooboooooboooboobooooOoooooag
ooooogoo

000 Re=000000000000000000Re=000000000000000
gbgobgoobooboaoboabaoobgaoba



|||||
[T AT |

. A
N

)]
N

N
N
N O

U 1l: Re=00000000U0U000R=1000000000000D00C0OO0OOOO

3
00000000000000 (r,6,2) 000009 = LUr? [1_%%*;(%«5?”

00000000000000000000000w, =-29% «, =12 gpnoooon

r 0z

O000GB)D000D00ApgO0 0000k O0UDOOOOOOO
F, = 6mnRU (7)

000S0000000000000000000000000000000000
0000000000000 0000000 RRPO0D0O0OOOOOO0OOOOOO
000000000000 ~pU/ROODOOODOOODODO 47R200000
0000 ROOOOOOOOOODODODOOOUOUOUOUOE, ~O0000O00O0O
000000000000 000MxO000000000000oooooog
0000000000oooooooo

Eyv%gxgwR3~nUR (8)
000000000 0O00000000000ORe> 10000000000
000000000000000000000000000000ooooon
00o0oooooooo

~ Apg (9)

‘0000000000000 %FUDDDEIEI %FUDDDDDDDDDDDDDD 300

3



ggooood

[~ YAy (10)

Po
goooboobooboob FoMooooxobooooooo

LU 4
~ P SRR~ p URR? (11)

F;
R 3

00000000000000000 RROODOODOD0OD0O0O0OD0O0OOO0O0OOO0
gboogboboobuodgbouoobbobbuoobuoooboobbooobod
00000000000000000000 ~p,x7R2xUODO0000O00OO
00000000000000000000000000000000O~ p,U%R?
gobooobbogoboobbuoobooobbooobbuooboooa
ggbbobuooobbboooobbboooboobbbboooobon

000000000000 00000000000000000 FOOOO
F:%CdeUZADADDDDDDDDDDDD A=7RP0000000000O
c;0000000bO0b0oboooUobooogoDoboboboboooboooo
gogol~os5000000n0obbboboobbbbbobooououuauood
ggooood

gboobgbooboobobuoo b0 ROODODOODOODOODOO
gooobbobbobbodgoooooboboboobobboboddooooobboobooeyd
v<0UOooobooougaon

md_v
dt

O00000000Om00000000000000000000000000a (>
0)0b(>0)00000O0O0OOOOOOOOODOOOODODOODOODOOODODODOO
ggobbobobodooooobbbbbdoooooobobbuooooobbo
gduogoooooobobobbboooooooobbobobbbooooooon
goggobobbbbouooooobbobodoooooobboboooooon
goboooood

= —(m —mg)g — aRv + bR*v? (12)

'D00000000000000000000000000000000000000O000
gbooboboobobobooboooooooboobooboooboobOob 1ob0o0oo0ooboooo
gobobooooboobooooooboboooo@oobooooobobobooooobobobooobooboo
gboooooboboooboboooobooooboboobooobooboooobooobooboobobooooon
gboboooboobooooomoooobooooobobooooobooooobooobooooaon
gboooooooooobooobooooboobooboooobO0ooboooboobooboonbn
gbobodobooooooooboooboooobooooboooooboooooobo 00000
gooooooobooboooooobooooboooobooboboobbooboooooboooDboboOoD
gboboooooboooooobobooon



(r,0)
6

A4
X

y
&l
U 2. 0000000000000 000ooooooocoo0ogoooooooooo
Ubob00000000O0O00DO0z00D00DLOODODOODOODODOODOM

2 Uogobooobooboboooboobooboo

00000000000000000000000000000000000
0000000000000000000000000000000000000
0000000000000000000000000000000000000
000000000000000000000000000000000000
000000 (r6)0020000000000000000000000 (r,6,¢)
00000000000000(,6)00000000000000000000
0000000000000000000000

00000000000000000000000000UO00000000R
0000000000000000000000000000000000000
000000000000000000000000000000000000
00000000000000000000000000 000000000
00000000000 (¢y) 0000 (U,00000000(x,y) 0000000
0000 () 00000000000

x =rcosf (13)
y =rsind (14)

gogobbbbougogobbbbbuoooooobbobbboooooan
gogoood

Vou=0 (15)

gdgdnqnpbbbouoooogbbbbbbdoooooobbobbbbouooo



gogbobooogd

10 18u€
op 10 [ Ou, 1 0%u, wu, 2 Ouyg
a—n{za(rm)w(w—ﬁ‘ﬁw} 18)
1op 10 [ Ouy 1 %uy wy 2 0Ou,
?%‘"{F%(rﬁ)ﬂ?am_ﬁ_ﬁae} (19)

000000000000000000000000000000000000
(ur(r,0),ug(r,6),p(r,§)) 000000000000 000000000O0O00O0
0o00i2(r(190)-12(18)0 000000000000000 (r,6,2)000
00VxO0O0O00000000000000000-00000000

12 2 % +1_02u6_@+2au’"
ror | Or T@T r 002 r r 00

1f10 0%u, +i83u7«_l8u,«_282u9 0 (20)
r | ror T@T@Q r2 003 r2 00 r2 0602 |

gboboodbbuodobbobbooobuobidtw,0uwdbboobooboo
gooobooovyooooono

10w

ov

0000000000000 0000000000O0 (2000000000000
000000000000 ((R)0D000000oooooo

10 0 , O 1 0°U 10¥ 2 9%
;5{—5 ( %)‘F%*FE*F?W}

1 (10 9% [10V 1 04w 1020 2 930

— {;5 ("“arae [;%D T o ﬁamar} =0 ()

00000000YO0O0000000d0000000o0ooooyYyoooo

ggboodg
vooOooooooooo(@e3)oovyoooooooooooooooooo

00000000000000000000000 (r—00)0000000O0ODO

S00000000000VXxVxVxVx(Ve,)=000000000000000e,0 20
0000000000000 0000u=Vx(Ye,)0O(20000000000 VxOOOOO
0000 000000VxVxA=V(V-A)-V?ADODODDDODODODOOOOOOOODOOOO
V2V =000000000000000000000000000000D00D00biharmonic
equationd 0 O 00O



ggbobobooogbbobodo
10¥

uT:UCOSHZ;% (24)
ov
ug = —Usinf = ~ 5 (25)

000000V —-Ursinf (r—o0)00000000000O0O0O0OODOOOO
000000000000 00000u.(R,0)=uy(R,0)=0000000000
gogoobboobboboodoooooobobobboooooooboboobobboogo
goobobbobbouooooooobbobobouoooooboboboobobbogo
gogoobbooboboodooooobobbooooooobbobobboogoo
ggbbobuooobbboooobobuoooobbooooty
000(23)000000000000000O((23)0000000000AOODO
oboobooooooooooooooooooooooonoyY —-Ursinf000O
00000%(r,0) = f(r)sinf00000000000000000000 ¥(r,0)
goeoooooboboobooooobbbooooboooboooobbooooboog
OO0W =3 155 (an(r)sinnd +b,(r)cosnd) +c(r) 0000000000000
goobbbbodoooooobbbbtodooooobbb 00000000
gooboobovio 000000 O0bO0o0obDbOoobbOobDboobboOon
(21)0000C0C0000ODOCO0O00DOOO00O0O0ODOO0OOe(r)On=10
gogoobbobbbodooooobobobbboooooooobobobboouga
ggooobod
O00000ooov(rd) =f(r)sind0 000000000 0OOOOOOOOOO

10 o [ ,0f 19f 10f 2
FE{_E(T%)+F§+FE_FZ}

1 19 (81 2 20f)
e o V]) 5 =0 (26)

rbbO0oogogbbboooobbodao

ot 203 3 02 30 3
/ - / — f+——f——f=0 (27)
ort  rord  r2or2  p30r ot
Joodogoogood r=000000b00b0g0bogdooooooog
ooobooo f=r"O0000000000O0O0O0OOO0ODOODOOOOOOO

UdnUb0O0OoooobbboogobbbuoooobbbdnobbO

nn—1)mn-2)(n—3)+2n(n—1)(n—2)—3n(n—1)+3n—-3=0  (28)
gboobgoobobbobobobooboobo

(n—1>%*n+1)(n—-3)=0 (29)



0000000000000 00000O0Orlegr (r>00000000000
ggbbobuoooobobboogobobobuooouobbbooooobood

A
@:gne(—+3r+cﬁ+1wby> (30)
T

goooobAOBOCODOOOmMOODODODDDOOODOOODOB=UOC=00
D=0o000000

U =sind (é + Ur) (31)
r
goooooooo
A
u, = cos 0 (ﬁ + U) (32)
, A
up = sin 0 (ﬁ — U) (33)

000000000000r = ROODOO0O0O000w, =u =000000
00000000000000000000000000000000 ¥(r,6) =
f(r)snf000000000000000000000O0O0000000000
000V = f(r)sinf+g¢(r)sin20 0 0000 ¢(r)00000000000000
00000000000000000000

A 2

U, = (—2+U) cos + —gcos 20 (34)
r r
A : 99 .

up = (ﬁ_U) sm@—asm% (35)

O000000r=RO0O0O0O0O0O00O000000000000000O sinnb (n #
)000V¥v=¢(r)0000000000000000O0O00O0O0O0O0O0O0O00O0
0000000000000 000000000O0ooooooD(@EYy)LDOoooOOo
ggobbbbbouoooobbbbbbuooooobobbbbbooood
gogbobbobbouogoooobbobbooooobooboooooon
gogbbbuoooobbbuoooobbbuoooobobodan

3 LUuobuobouoooon

0000000000000 bdbD Rexk U OODDODODOODODODOODOO
0000000000O00oooooooo (rd,e) 000000000 Oon
0 (z,y,z) 0000

x = rsinf cos ¢ (36)
y = rsinfsin¢ (37)
z=rcosf (38)



googobbbbbbboooooobbbbbbboduoog 0000404040
gogobobbobboooogobbobbodooooobbobboooooog
gboogbbobboobooobuoobuoboobbobbobobooboo
ggbbobuoogobobbuoooobood

10, , 1 0
cu = ——(r?u,) + ———(ugsind) = 0 39
Vo r28r<ru>+’rsin989<uesm) (39)
DDDDDDDDDDDDDDDDDDDu¢:ODDDDDDDD8%:ODDD
go0o0000oooooooooooggoog wo

1 ov

e P ] (40)
1 oW

o = _TSiHQE (41)

gogobobbobboooooogobboobbooooooobboobbooooood
00000000000 0000000

v
u=Vx (rsin@ed’) (45)

ggbboobouoodgooo
gobbobuoooobboooobboboooobobooo

Vp =nViu (46)

U000 vxobobooovVxVvp=0000O0000O0DOO

V x V2 [VX( e¢>} =0 (47)

000V (VxB)=000O0OOOVXxVxA=V(V-A)—V2A000000

rsinf

U
VxVxVxVx =0 48
(rsin@e¢) (48)
gooo
‘000000000000000000000OOOO
1 a, . 0Ap
(V X A)r = rsind |:80(Sln 9A¢) — ad):| (42)

1 1 0A, 0
x =1 [ 20— 2 a)] (43)

(V% A)o =1 |- trde) - S|




000000 VxVxA=V(V-A)-V?A0V-(VxB)=00000000000
000000 -vV?00000000000000 V- (5555€) =0, («— 4 =000
000000000000000000 -v200000000000000000(48)

00
v
v%ﬂ< : e%>=0 (49)

rsin @

oooooooooon

gobbbuoooobbbooogoboboooobobboooobooda

V x V x (Tsineed,):qu (50)
::E;E l;i(ruﬁ) i;;} (51)
) .
- [ W ()] o
0000w, =00 Z=000000000000000- PW sinf 0 (L )]

@*DDDDDVXVXDDDDDDDDDDDDDDVxVmeﬁ%) mwaﬂﬂ
0000000 Y0000000000000000000000(45)0000
000000000000 0000000w000000000000(45)00
00000000000000000000000000000u,=00000
000000000000000 45000000000000000000

o ey [0* sinf o 1 9\] _
VxVxVxVx <rsin86¢> T sind {er r2 %(sirﬂ%)} vy

(53)

gobooboogn

9 sinbo [ 1 o\
[w* = %(me%)] V=0 (54)

gboogod

goboobvyvyooooooooobogbooboooboooboooobbr =
ROODw=000000000000000w=Ue,J000O00O0OOOODOO
UdbDMr — oo

1 oV
UT—UCOSQ—m% (55)

. 1 ov
ug__Usme__rsinGE (56)

10



00000000000000 ¢ — Y2%6in?000000000000 ¥ =
f(r)sin2¢000000((G4) 0000000

r2 9 (sin@%) f(r)sin® 60 = —ﬁf(r) <in 6 (57)
good
92 212
{53_ﬁ}f0%:0 59

0000000000 0o0ooooooOof=r"O00000000ODO (8)000
goooo

{(n=2)(n=3)=2}{nn—1)—-2}=Mn+1)n—1)(n—-2)(n—4)=0 (59)
ooooooooon
U = sin 6 (é—i—BT‘—f—CT‘Q-f-D’IA) (60)

D000D0ADBOCODOODODNODOOOODOOOONONOO0DN0OO0
00V — Y2sin?00000D=00000C=0/2000000000u,0 u
0o

up = cosf (24r=* +2Br~" + U) (61)
ug = —sinf (—Ar—*+ Br~' + U) (62)
(63)

dbodbr=RO0O0O00O0O0OO0ODOOODODOODO

1 3
A=-UR? B=-- 4
JUR", “UR (64)
gooooooo
3 1
m::Uﬁﬁe(S%—ZRr+§ﬁ> (65)
goooooooobobobbobooooa
R* 3R
- 14— 22
Uy (—1—273 270)(:08.9 (66)
R® 3R
—_U(1- 2 20 ) g
Up U ( yrciym > sin 0 (67)

ggogobbbbbbbuuoooooobbbbbboobbbooduooo
gogbobobuooooboooooobon

11



000000000000000 000000<O0000000000000
000000000000000000000000000000000000
00000000000000000000000U00000 RODODOOO
O0D00000ROODODODOODOODOOOODONOD R*O0O0OD
00000 ~u24 000000000007 - 0000 ~U?R/200000
000 ~v2, 000000000007 - o000 ~vUR/*00000000
00r—o0ol0 R*~ReZ 00D0D0000r —»0o0000000000O0O
0000000000000 0000000000000 R*0OO0O0O0DO
00000000000 RODO00D0DO0DDODOODODO0OO0NO
000000000000000000
000000000000000000000000000000000000
0000000V =sinf(2+Br+Drlogr)0000000000000000
Cr*000 Drlogr000000r —o0o00000000000000000DO
D0D00000000 R*O000000Re ~ReLlogZ 0000000000
000000000000000000000000000000000

000000 0000 -0000000000000001%%g
8p 377UR
or 73

0000o00ovYOo-'0000000000000000000000O000000r
ggbobobrdboccbdgoonbnon

n(Viu) - e

cos 6 (68)

3nUR
T
0000000000000 00000p,(/) 0000000000000 0on
0000d0ooooooooooobood0ooodddp. 00000 oooon
oo oooooduouooooooooooooouogd
00000p, ., 00000000DOD0OODODDOOODOO((r,0) =(R,m0 OOODO
ooooooooood((rd) =(R,0000000000
gbododotuot z0uouooooooot

P = DPoo(B) — cos (69)

2T
29 2
/ / [ Sz 08 0 — poo cos 0| R*sin Odpdd (70)
[—nmUR cos® 9} (71)
=2mUR (72)

gboobboobodboboooboobooobooboobbooboon
gbogbuooboobooboobon

0A
YODOoOoD A0DDDOOOOOOOO r0000(V2A), = V24, %AT—%T;—ECSOI;%A —

2 0A _ 19 0A, 19 0A, 1 9%A,
72sin 0 3; 0 DDDVQA - 7’7287(7A2 or ) + rzsinG%(SIHG )+ 72sin26 0¢2 poooood

g

12



gooobabdood 0o00d2ne; 00000000000 e;0000
gogobbobobodgogobobbbodoooobboobouooooobobo
goggbobbbobobbbooabobooudoog -0bboouoooooad
gdbbd2ne, 00000000 OOO0OO

gddroobod 2pne, 00

ou
(i) =n | 5]~ (73)
or r=R
oooooooooooooto
00060000 25ep, 00
0 /uy 1 0u,
2negr(R,0) =1 [7“5 (7) + 70 } (74)
r=R
3 . R3
= —énU sin 0 |:7”_4:| . (75)
anU .
= _ﬁ Slne (76)

0000000000000 0000000vYO ‘000000000000
gogobobbbbbobououoooooobobooobbooabbooooog
goon

gobob-0000b0bbuogobbog

T 2
F, = / / [% sin? 8} R?sin 0dodh (77)
0 0
=4mUR (78)

gogbbobuoooobbbuoooobbbduooobobogao
gobbbooooboboboooobobobuooouobobboooon

F,=F,+ F,=6mUR (79)

goboooobooobobbofppO00bO0o0bO0Ob00O0bOo0bOobDbo0obLOon
gbgoboobobboboobuooboobobbobboboobod

gogobbooboboduooobbbob bbbdooooobbbbobodoooon
gogogobbobobbbouooooobooobbuodqgoddnbbbboogd
gbboobuogbbooobboboobuoobboboboobboooboan

NOp0DDO0O00000000000000000000000000000000000000
gbdg boobooboobobbobbobooboobooboobooboboo

13



goooboooooouoodoouoouoodoonoonooooooboon
O00000000000000020
0000000000026, =0000000000000w,.=0(YO00O0)
0000 e, 000000000 00000000000 O0O0O0O0O0O0OO
00000000-.°'0000000000000000000
.2 U ,
U = sin Q(Br—i-?r) (80)

gooooopOd0b0d0d™r=RO0Ouw, =0000000v0000O00O00OWO
gboobgoobobomooon

1 1
U = Usin® 6 (—ERT + 57‘2) (81)

gbogbooboobbobbo0 vhwaee DOODOOODOOODDODODODOO
goooboogo

Uinside = U'sin® @ (Cr? + Dr?) (82)

D0000CODO0DDMO0000000 4 =00 (ug)inside = (U6)outside I O
OO0inside D outside 0000000000 O00O0O0OO0OOOOOOOOOOO
O00r-=RO0O00D000D000000ODO0DOO0OOOOOOOOOOOOO
0000000000000 0D000D00DO0O0D0O0DO0O0DOoOOoOoon
0000000000B000000000000000000000
Wmm;:U$ﬁ9<—lﬁ+~£—#) (83)
4 4R?

oooQ

0000000000000 D0000000D000000DoOooonon vo
AO00000000000000000000000000000000000
000000 0D0oOooooooo

4
F, = §7r17UR (84)
gooooogoogd
ou U
2ne-(R,0) =1 { T} = —2n— cosf (85)
or|,_p R

2000000000 00000000000000000000000O0000O00000
goboobooboooboooooooooooboooobOoobOOoooobooooboooboooobooon
ao

B0o0000000»000000000000000000000O0O0O0D0O0O000000
gbobobobooooobobobuoboboboqnoooobobboboobobobo
gbggbooboobboaobooboobooboboooboan

14



ooooooooooon /a0

8
Fy= gmUR (36)

0oo0o0o00oo
F,=F,+ F,=4mUR (87)

gogobbbbouoooooobbobobbboooogobboobbbooooad
Jb0b00bo0obob0obobO0obU0obU0bUobUUHadamard-Rybezynski O O O
oooooto

2+ 3k
1+ k&

F, =2mUR (88)

O000k=-ide OOQDO000000O0kKk—-o0o00000O0OODODOOOO

Tloutside

UibibOx=000000000

gboogboboobbd obbobobbobobbuodtbuoobibillw =
Vxu=000O0OOOOOOoooobooboooobooobooobooobo
gogobobboboboooooobbbbbodooooooboboobobouoooon
gogoobboboooooooboboobbbboooooooobboobbooooon
gboboobooobbuoobboooboobbooobbuooobobooobobdad
gogbbobuogoobbbuooooboog

gogobbobbooogobbobbbuoooooobbobboooooon
gooobooobuoobuoobuoobboobovygbooboobooboo
000000000000 V-w=00000000000M5) 00000000
gogobobooogooo

vXu:vaX< v e¢>:—V2< hd e¢> (89)

rsind rsind

000000000000000000 VxVXxA=V(V-A)-V?AOOO
gboboboooooboouoboovygoboobbuobooboboboboood

v
VQ —
(7“ sin 96¢) =0 (90)

0000000o0oooDooo 9)Uoooooooooooooooooood
goboooooboooboobobobooboboovyoboboooooooo

4Y0ooO00OvO0oO0O0O00000D0D00O0O0O0000000000000O0ODOODOOO0O00
gbooboodbD0w, =0000000000uw0 000000000000 2ne, 0000000
00000000000 oo0o0 2ooooo0ooOo

15



000000000000000000000000000000000000
0000000000000000000000000000
(900)0000000000000000000000V = f(r)sin®d00000
0000000000000000000000

R 1
W::Usm?e(—§;4-§ﬁ) (91)
D0000000000000000
R® 3 1
U =Usin’f | — — ~Rr + =r? 92
sin (4r 1 r+2r> (92)

000000000 -200000-.°'000000000000000O000O0
oooor-t00o0o0oooo

oo

[1] Stokes, G. G., On the effect of the internal friction of fluids on the motion of
pendulums, Camb. Phil. Trans., 9, Part 11, 8-106, 1851.

[2] Batchelor, G. K., An Introduction to Fluid Dynamics, Cambridge University
Press, 1967

0000000000000 0OD0O000000OOoOOO00D0oOoooooOoOO
ggboobuoogooo

16



